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Abstract

We characterize the possible distributions of a stopped simple symmetric radom walk X
where is a stopping time relative to the natural ltration of ( X,). We prove that any
probability measure on Z can be achieved as the law oK where is a minimal stopping
time, but the set of measures obtained under the further assumption that K,~ :n 0)
is a uniformly integrable martingale is a fractal subset of the set of all cetered probability
measures onZ. This is in sharp contrast to the well-studied Brownian motion setting.
We also investigate the discrete counterparts of the Chacon-Walsh [4] and Aema-Yor [1]
embeddings and show that they lead to yet smaller sets of achievable measures. Finall
we solve explicitly the Skorokhod embedding problem constructing, for a given measer , a
minimal stopping time  which embeds and which further is uniformly integrable whenever
a uniformly integrable embedding of exists.

Key words: Skorokhod embedding problem, random walk, minimal stopping time, Azma-
Yor stopping time, Chacon-Walsh stopping time, iterated function system, self-similar set,

e-mail: A.M.G.Cox@bath.ac.uk; web: www.maths.bath.ac.uk/  mapamgc/
Research supported by the Nu eld Foundation. This author is grateful t o David Hobson for initially suggesting
some of the problems addressed here.
Ye-mail: jobloj@imperial.ac.uk ; web: www.imperial.ac.uk/people/j.obloj/
Research supported by a Marie Curie Intra-European Fellowship wit hin the 6" European Community Framework
Programme.

1203


http://www.math.washington.edu/~ejpecp/

fractal, uniform integrability.
AMS 2000 Subject Classi cation: Primary 60G50, 60G40, 28A80.

Submitted to EJP on December 10, 2007, nal version accepted June 11, 2008.

1204



1 Introduction

We study distributions which can be achieved as the law ofX , where (X,)n o IS a simple
symmetric random walk and is a stopping time relative to the natural Itration of ( X,). We
nd that when we consider di erent classes of stopping times the set of achievable measures
varies dramatically, with natural classes resulting in both M , the set of all probability measures
on Z, and some complex fractal subsets oM . This is very dierent to the continuous-time
situation, which provides the motivation and background for the present study, and which we
brie y now describe.

The problem of representing measures as stopped process,lled the Skorokhod embedding
problem, was rst posed (and solved) in Skorokhod [23]. Sine then, the problem has been
an active eld of research and has found numerous solutions.We refer the reader to Obbj
[14] for a comprehensive survey paper. Simply stated the pfdem is the following: given a
probability measure and a stochastic process X¢); ¢ nhd a stopping time T which embeds

in X, i.e. such that the law of Xt is : Xt . The most commonly considered case is
when (X;); o is a 1-dimensional Brownian motion, which we denote B;). However, in this
context we have a trivial solution (usually attributed to Do ob): for any probability measure
de ne the distribution function F (x) = ((1 ;x]) with F 1 its right-continuous inverse, and
let denote the distribution function of a standard Normal v ariable. Then the stopping time
To =infft 2:By=F 1(( B1))gembeds in (By). Thus itis clear that interest lies in the
properties of the stopping time T.

In the example above we always havee T = 1 . Skorokhod [23] imposedET < 1 which then

implies that  is centered with nite second moment and that the process Bixt :t  0)is a
uniformly integrable martingale, where t » T = minft; Tg. Numerous authors (e.g. Root [19],
Azma and Yor [1], Perkins [17], Jacka [11]) relaxed the assmption of nite second moment and

presented constructions which, for any centered probabity measure , give a stopping time T

such that Bt and (Bi~7 :t  0)is a uniformly integrable martingale. We shall call stopping

times for which the latter property is veried Ul stopping times. These constructions work in
the setting of continuous local martingales and some can bex¢éended to speci ¢ discontinuous
setups (cf. Obbj and Yor [16]).

When the target measure is not centered the processBixt : t  0) cannot be a uniformly
integrable martingale. Hence, a more general criterion fordeciding when the stopping time T
is reasonably smallis needed and such criterion is provided by notion ofminimality introduced
by Monroe [13], and considered more recently by Cox and Hobso[6]. We say that a stopping
time T is minimal if wheneverS T is a stopping time such thatBs Bt then S=T a.s..
Imposing the minimality requirement on the solutions to the Skorokhod embedding problem is
justi ed by a result of Monroe [13] which asserts that a stopping time T which embeds a centered
distribution in a Brownian motion is minimal if and only if T is a Ul stopping time. Recently
Cox and Hobson [[6] and Cox [5] provided a description of minirality for general starting and
target measures. Although it is not possible for the stoppedprocess to be uniformly integrable
in general, the conditions are closely related to uniform itegrability in the Brownian setting.
We can thus say that the notion of minimality for Brownian mot ion is well understood and is a
feasible criterion.

Once we understand the equivalence between minimal and Ul epping times for Brownian
motion (and via time-change arguments for all continuous lo@l martingales) a natural question
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is then to ask: what is the situation for other martingales? More precisely, as we note below,
uniform integrability always implies minimality, so the qu estion is when, and “how much’, is
the former more restrictive? On a more abstract level, one wold like to discover the “correct'
interpretation of small for embeddings, and determine when the di erent de nitions agree and
disagree. This becomes an increasingly hard question in th@iscontinuous setup, and one has to
work even to prove minimality of relatively simple stopping times (cf. Obbj and Pistorius [15]).

The present work answers the above questions for the simple/smimetric random walk, relative to
its natural Itration. The Skorokhod embedding problem for Markov processes in discrete time
has previously been considered by Rost [20; 21], and Dingeg][using techniques from potential
theory, however without the restriction to the natural Itr ation; as a consequence, their results
mirror closely the continuous-time setting. Indeed, we can nake the following connection with
the Brownian case: given a random walk and su cient independent randomisation, we are able
to construct a standard Brownian motion (B;) by generating the intermediate paths, conditional
on the start and end points, and further conditional on the end point being the rst hitting time

of a suitable integer. We then haveX, = B, for an increasing sequence of stopping times
T, relative to the natural Itration ( F¢) of the constructed Brownian motion B. Now, given a
stopping time T for the Brownian motion, which embeds on Z, we can construct a stopping
time for the random walk (in an enlarged ltration) by considerin g the ltration F, for the
random walk generated by E 1,,;f T < Tp+10) | note that the martingale property ensures that

X remains a random walk in this Itration | and de ning by =nonfT, T<Tpag
In particular, X = Bt a.s.. Itis clear that the stopping time T is Ul if and only if is since
e.g. sup 1t Bt andsup, X, dier by at most 1.

The restriction to the natural Itration of the random walk a Iters the problem su ciently to
provide interesting di erences. In Section[2 we prove that awy probability measure on Z can
be achieved by means of a minimal stopping time and we give ariple example of a centred
measure which cannot be achieved with a Ul stopping time. Tha in Section/3 we examine
the Azma-Yor [1] and Chacon-Walsh [4] constructions in the random walk setting, the latter of
which can be considered as the set of stopping times which atbe composition of rst exit times
from intervals. We nd that when using the Azma-Yor stoppin g times the set of achievable
measures is strictly smaller than when using the Chacon-Wals stopping times, which in turn
is a strict subset of M §', the set of measures embeddable via Ul stopping times. In Sgon 4,
which constitutes the main part of this work, we study the set M §'. We show that measures
in M §' with support in [ N;N] form a fractal subset of all centered probability measures
on Z\ [ N;N], which we characterise as an iterated function system. Thewhole setM §' is
then characterised both intrinsically and via taking suitable closures. Finally, in Section 5 we
construct an explicit minimal embedding of any 2 M , which is also Ul whenever 2 M ¢!
Section'6 concludes.

In the sequel we deal mainly with processes in discrete time knere time is indexed by
n=0;12;:::. When we refer to the continuous time setting time will be deroted by t 2 [0;1 ).
Stopping times in the discrete setting are denoted with Gre& letters (typically ) and in con-
tinuous time with capital Latin letters (typically T).
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2 The Skorokhod embedding for random walks: general re-
marks

In this section we prove the existence of a minimal stopping ime which solves the Skorokhod
embedding problem for random walk, and make some simple obs@tions which show that the
discrete time setting is quite di erent to the continuolggs ti me setting. From now on X, :n  0)
denotes a standard random walk, i.eXo =0, Xn = ¢; «, N 1, where () is a sequence of
i.i.d. variables, P( k= 1)=P(=1)= % The maximum is denoted by X , = maxy n Xk.

As stressed in the Introduction, of importance here is the fat that we are considering stopping
times  with respect to the natural Itration of the discrete process. Under the assumption
that we have additional information, we note that one can give a simple explicit randomised
embedding which just requires an independent two-dimensioal random variable. This can
be done mimicking, Hall's solution [10] (cf. Obbj [14, Sec 3.4]): for a centered probability
distribution on Z, | o,k (fkg)= m< 1, let (U;V) be an independent variable with P(U =
u;V=v)= (“m—") (fug) (fvg),u< 0 v.Then =inffn 0:X,2fU;Vggisa Ul stopping
time with X

Recall that M is the set of probability measures onZ, M ¢ the subset of centered probability
measures orZ and M §' the set of probability measures on Z such that there exists a stopping
time (in the natural Itration of X) such that X and (Xp~ :n  0)is a uniformly
integrable martingale. Naturally, as the mean of a Ul martingale is constant, we haveM §'

M o. However, unlike in the setup of Brownian motion, the inclugon is strict:

Proposition 1.  We haveM §' ( M o.

Proof. To see this consider a centred probability measure = %( 1+ o+ 1), where 4 denotes

Dirac's mass in fxg. Suppose is a Ul stopping time which embeds , i.e. X and
(Xna :n  0)is a uniformly integrable martingale. Then, by an argumert to be given below,

inffn : jXpj = 1g = 1. As the initial sigma- eld is trivial, we have = =0 or =1 which
contradicts X . We conclude that 2M onM§'.

We now argue that 1. Actually, for later use, we argue the following general fat: if is a
Ul stopping time with X and ([ N;N])=1then N =inffn:jX,j = Ng. Indeed,
suppose to the contrary thatP( > §)= p> 0. Then, asjX j N, we haveP( ﬁ) =p>
0, where y =inffn> y :jXpj= Ng. The process K o :N 0) is not uniformly integrable
and conditioningonf > ygwehave,C N, EjXnr jlix,. js>c = EjXnr jljx,. jsc 1>

PEjX a ﬁjljan I>C so Xnpa :n  0) cannot be uniformly integrable. O

It is a general fact, which holds for any real-valued martingde, that a Ul embedding is minimaE.
The reverse is true in the Brownian motion setup with centerel target laws, but not in general.
It is thus natural to ask in the random walk setting: what measures can we embed in a minimal
way? The answer is given in the following theorem.

Theorem 2. For any probability measure on Z there exists a minimal stopping time with
respect to the natural ltration of (Xp) such that X

1The proofs in Monroe [13, Thm 1] or Cox and Hobson [6] even though written f or Brownian motion generalise
to an arbitrary martingale.
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We can rewrite the theorem in shortasM = M MIN''whereM MIN denotes the set of probability
measures orZ which can be embedded in a random walk by means of a minimal spping time.

Theorem(2 will follow from Theorem[10 where we present an extit construction of . However,
for completeness, we outline a shorter proof. It su ces to se that there exists a stopping time

with X , since standard reasoning (cf. Monroe [13]) then implies th existence of a minimal
because the set of stopping time$ : X gis nonempty and it is naturally partially ordered
(by ,whereS Tifandonlyif S T a.s.; see also Cox and Hobson [6]). We construct a
stopping time  with X which ¢an be seen as a discrete analogue of Doob's stoppingri
Tp recalled on page 1205. erige = ilzl a , with & a+1 andk; 2 Z distinct atoms. Recall
that tBe random variable U = | ;2 "1x, x, ,=1 has auniform distribution on [0; 1]. Denote
b = }:1 8, bp =0, and N (U) the unique numberi such thatlh ; U <bj. Then N(U) is
known at an a.s. nite stopping time and we can dene =inffn> :Xp = ky)0. Due to
the recurrence of the random walk < 1 a.s. andX asP(X =kj)=P(N(U)=1i)= g.

3 Embeddings via potential theory

One-dimensional potential theory, as used by Chacon and Walts [4], proved a very useful tool
for developing solutions to the Skorokhod embedding proble (cf. Obbj [14]). We apply it here
ip the framework of a random walk. In this section we supposetie measure on Z is integrable:
n2zIni (fng) < 1.
De ne the potential of on Z by
z X
u (x)= x yid (y) = jx nj (fng); x2R: 1)
n2z

This ispa continuous, piece-wise linear function breaking atatoms of . We have u (x)

j X n (fng)j with equality as jxj! 1 . The potential function determines uniquely the
measure and vice-versa. Furthermore, the pointwise conveence of potentials corresponds to
the weak convergence of measures. The crucial property forsulies in the fact that changes in
the potential of the distribution of a random walk resulting from stopping at rst exit times
are easy to characterise. More precisely, let be a stopping time with EjX j< 1 and ., =
inffn : Xn 2 (a;bg for a;b2 Z. Denote u; and uy the potentials of the distributions of
X and X _  respectively. Thenuz ug, ui(x) = uz(x) for x 2 (a;b) and uz is linear on [a; b

. In other words, u, = min fuy; Ig where is the line that goes through (@; u;(a)) and (b; uy (b))
(cf. Chacon [3], Cox [5], Obbj [14, Sec. 2.2] for the detds). We deduce the following fact.

Lemma 3. If there exists a sequence of a ne functionsfy with jfl?j < 1such thatu =Ilim u,
whereug(x) = j Xj, ux =minfux 1;fxg and uk is di erentiable on RnZ then there exists a Ul
stopping time  such that X

Proof. The conditions in the lemma imply u up and thus is centered. The stopping time

is simply a superposition of rst exit times. More precisely, consider a subsequence ofif), which
we still denote (uk), such that for every k there exists xyx such that ux(xx) <uk 1(Xx). De ne
ag =inffx :fy <uyx 1gand b =supfx : fx <ug 1gand ¢ =inffn k 1:Xn 2 Ja; b]g
with ¢ = 0. Note that with our assumptions, ay;b 2 Z. Then uk is the potential of the law of
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X ,and % ask!1l . From the convergence of the potentials we deduce that is nite
a.s. and X . The uniform integrability follows from standard argument s (cf. Chacon [3,
Lemma 5.1)). O

We will call stopping times obtained in the above manner Chacon-Walsh stopping timesand
the class of probability measures which can be embedded ugrthese stopping times is denoted
M §HW . We have M §"W M §' and the inclusion is strict. An example of an element of

ME' nM§HW isgivenby = 2 o+ 3 2+ 33 2. That is an element ofM §' will follow
from Theorem(5. It is a tedious veri cation of all possibilities that 2 M §"W | and is probably
best seen graphically. It follows from the fact that u (0) = %, while when composing rst

exit times we cannot have the value of the potential at 0 in ( 3; 2). The value % is obtained

0 0
via ot and 3via [, where = .M.

Related to the Chacon-Walsh construction in the Brownian seting is the solution of Azma and
Yor [1]. For a centered probability measure on R de ne the Hardy-Littlewood or barycenter
function via Z

= 1) )

Then the stopping time T,,, =infft:sups {Bs (Bty)g embeds and (BtATAY 't O)isa
uniformly integrable martingale.

yd (y): (2)

With this in mind, we can consider a special case of the ChacolValsh construction in which
the lines f, are tangential to u and take them in a given order: from left to right. Then the
sequencesdy) and (b¢) are increasing and therefore is the rst time we go below a certain
level which is a function of the present maximumX (which basically tells us which of the b, we
have hit so far). This corresponds to the solution of AzZma axd Yor as observed by Meilijson
[12] We have thus the following resul@.

Proposition 4. Let be a centered probability measure oiZ. The Azma-Yor stopping time
Ay =inffn: X, (Xn)g embeds if and only if , displayed in (2), satises  (x) 2 N.
Then, (X o SN 0) is a uniformly integrable martingale.

Proof. Su ciency of the condition was argued above, cf. Obbj [14, Sec. 4]. To see that it is
also necessary recall (cf. Revuz and Yor [18, p. 271]) the orte one correspondence, given by
! , between centered probability measures on R and positive, left-continuous, non-

decreasing functions such that there exist 1 a<0<b 1 ,(x)=0on(1 ;a],
( x)>x on(a;band ( x) = x on [b;1 ). Note that is constant outside the support of ,
so in particular when (Z) = 1 then is constant on every interval (k;k +1]. Then let be

a probability measure on Z such that there existsk 2 Z with (k) 2 N. Possibly choosing a
dierent k we can suppose that (k) <  (k+1) or equivalently that (fkg) > 0. Let| 2 N
be such thatl < (k) <I +1. Then we either have (k+1) I|+1or (k+1)>1+1.1In
the rst case the process will never stop ink, P(X o o k) = 0, which shows that X ay . In
the second case, changing the value of (k) to any other value between ( (k1) _I;1+1) will

2The barycenter function (x) displayed in (2) can be seen as the intersection of the tangent to u in point
x with the line j xj (cf. Obbj [14, Sec. 5]).
3Similar remarks for discrete martingales were made in Fuijita [9] and O bbj [14, Sec. 4].
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not a ect the stopping time, where a_ b= maxf a; bg. We thus obtain a continuity of functions
, each corresponding to a di erent measure on Z, which all yield the same stopping time and
thus the same law of the stopped process. We deduce that (k)= I+1andthus 6 . [

We denote the class of measures which can be embedded usinga-Yor's stopping times with
M &Y. Naturally we have M 8Y M §HW . Moreover, unlike in the continuous-time setup of
Brownian motion, the inclusion is strict. To see this we recdl an example given in Obbj [14,
Sec. 4]: consider = 2 3+ § o+ 3, Then (0)= § 2 N. However the Chacon-Walsh
stopping time inffn > 01;2 :Xn 2[ 3;0]g, where 01;2 =inffn 0:Xp 2[ 1;2]g, embeds .

Gathering the results described so far we conclude that
MAY (MY (ME(MEN =M

which is in sharp comparison with the continuous{time setup of Brownian motion where all the
sets are equal.

4 Characterisation of Ul embeddings

We now study the setM §' and its elements. In the rst two sections we consider measues with
supportonf N;:::; 1;0;1;:::;Ng. The restrictionto [ N;N] forces the candidate stopping
times to satisfy N, Where y =inffn  0:X,2f N;Ngg as argued in the proof of
Proposition [1/ above. As we shall see, requiring to be a stopping time in the natural Itration
forces a complex, fractal structure on the set of possible ting measures. Finally in Section
4.3 we characterise the seM §'. First we exploit the results for bounded support and descrbe
M §' in terms of suitable closures and then we give an intrinsic chracterisation of elements of
Mg

4.1 Ul embeddings: case studies

We shall begin our study of the setM §' by rst restricting our attention to measures  with
([ 2;2]) = 1. The reason for this initial restriction is twofold:  rstly, by considering a simple
case, we can build intuition and develop techniques that wil later be used in the general case, and
secondly, we nd that we can provide a more explicit characteisation of the relevant measures
in this speci c case. As a trivial initial statement, we note that since 2, We cannot stop
at zero with a probability in ( %; 1) { either we stop at time 0, with probability 1, or else the
rst time we could stop will be at time 2, however with probabi lity % we will hit f 2;2g before

returning to O.

We begin by concentrating on the case where the stopped distrution is supported on
f 2,0;29. As is a centered probability measure, it is uniquely determinel by (f0g). The
analysis will depend on counting the number of possible path after 2n steps. After 2n steps,
there are 2" possible paths, each occurring with equal probability, hovever only 2" of these
paths will not have hit f 2;2g, and all of these paths will be at 0 at time 2h. Consider a Ul

4And therefore via time-change arguments, for any continuous local marti ngale, with a.s. in nite quadratic
variation.
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stopping time with P(X 2f 2;0;29) = 1. Then 2 and all the paths hitting f 2;2g
were stopped. Since the stopping time is adapted to the natural Itration of X, if a path
is stopped at 0 at time 2n, all paths which look identical up to time 2n must also stop at 2.
Consequently, given the stopping time , we can encode its properties in terms of the number
of paths it will stop at time 2 n; we do this using the sequenceap; a;; az;:::), so that a, is the
number of di grent (up to time 2 n) paths which are stopped by at O at time 2n. Note that
P(X =0)= » 04 "an. We can also reverse the process, so that given a suitable ssmnce
(ap;a1;a2;:::) we de ne a stopping time  which stops at O (according to some algorithm)a,
di erent paths at time 2 n. The stopping time is not uniquely determined by (a,) but the law
of X is. Of course, not all sequences will necessarily allow suchstopping time to be de ned,
and the exact criteria are given in the following theorem.

Theorem 5. Let 2 M g with support onf 2;0;2g9, (fOg) = p=1 (f 2;29). Then,
2 M 8' if and only if p can be written as a base-4 fraction of the formag:a;azaz::: with

an 2f0;1;2;3g, where
X
a.n 2n 2I an |1 (3)

for n 1, or equivalently X
2'a L (4)

Furthermore, the setS of admissible values op = (f0g) is the unique xed point of the mapping
f operating on the closed subsets ¢0; 1] given by

f 1 1 1 1 1

Al [O,§][ ZA+§ [ 21A+21 [f 1g: (5)
Proof. Suppose that we have a probabilityp = ag:a;ay : :: satisfying (3); as remarked above, we
can convert the sequence into a stopping time, however we mugnsure that at each time 2n,
there exist su ciently many di erent paths arriving to be ab le to stop a, paths. Suppose at
time 2n there arek,, paths, then we requirea, k,. Assuming this is true, there will then be
2(k, ap) dierent paths at 0 at time 2( n + 1), so by a similar reasoning, we must therefore
have an+1  kn+1 = 2(kn an). Noting that kg = 1, we can iterate this procedure to deduce
3).

Conversely, given a stopping time , we can derive a sequenceaf; ai;:::) corresponding to the
number of paths stopped at each stage. By the above argumenthese a, satisfy (3); what is
not necegarily true is that eachan 2 f 0; 1; 2; 3g. However the probability of stopping at O is still
givela, by ; .4 'g, and we can form a new sequenceaf:-as; &p;:::) such that & 2 f0;1;2;3g

and | ,4 ' =, ,4 'a. Where necessary we will work with a sequence which terminas
in a string of zeros rather than a string of threes. However fo such a sequence, it is then clear
that
b _ b3 _
2 I&, 2 Ia|
i=0 i=0

(replacing a 4 in the it position with a 1 in the (i 1) position always reduces the value, and
the total value of the sum is bounded above by 1, and below by Q)so that the result holds in
general.
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Figure 1: The setS on [0; 0:5].

It remains to prove the last assertion of the theorem. De ne ®t functions, mapping the set of
closed subsets of [(L] to itself via, A  [0; 1],

fi(A) = 1+ 1A fa(A) = %+ 3A f3(A) = 0% [f1g (6)

For convenience, when dealing with singletong pg we write simply f1(p) = 1=4 + p=4 etc. Note
that f (A) = f1(A)[ f2(A)[ f3(A). Itis now clear from the de nition of f thatitis a contraction
mapping under the Hausdor metric®, and hence, by the Contraction Mapping Theorem, has a
unique xed point in the set of compact subsets of [Q1]. It is simple to check that S is a closed
subset of [Q 1] (by considering for example the base-4 expansions), thusuo goal is to show that
f(S)=S

We rst show that f(S) S . To see this we simply check that ifp 2 S then fi(p) 2 S for
i =1;2 and that [O; %] [f 1g S . Consider for examplef;. The casep =1 s trivial. Let p2 S,
p < 1, and write it in base-4 expansion as iay:::. Then f1(p) = 0:1a;a,::: and (4) holds:
o] by the rst part of the theorem f1(p) 2 S. We proceed likewise forf,. Finally, to prove
[O; 8] |§ take any O< p 5 L and write its base-4 expansiornp = 0:0ayaz::: wherea, 2 f 0; 1g.
Then ,a2' 1+3 {,27=1whichshowsthatp2s.

It remains to see the converse, namely thatS f (S). Let p2 S and write its base-4 expansion
p = ag:aiazaz:::. We will analyse various cases and use implicitly the criteion (4). The case
p = 1 is trivial we can therefore supposeao = O. If a; =2 then p=1=2 and we havep = f1(1).
If &g —Pl then p = f1(g) with g P0 a2a3a4 . To see thatq 2 S note that sincep2 S we have
1=2+ [,2'a landthus ;2 ‘a1

Suppgse now thata; = 0. If a =3 then p= f,(q) with q=0:1azas::: and again sincep 2 S we
have ;_;2 'a; 1=4 which implies that 2 S. If a =2 then p= fz(q) with g=0:0azas:::
and we check again thatg2 S. Finally if a, 1 then p < 1=8 and is thus in the image off 4.
We obtain nally that f(S) = S and thus S is the xed point of the contraction mapping f
which ends the proof of the theorem. O

We want to comment the rather surprising nature of the set S. It is in fact a self-similar
structure, or fractal. In particular, following the charac terisation of [2] (see also Falconer [8,
Chap. 9]), we can say thatS is an iterated function system with a condensation segenerated

5If X is a metric space, the Hausdor metric is de ned on set of compact subsets A;B of X by

dv (A;B)=inf fr> 0:d(A;y) r8y2Bandd(x;B) r 8x2Ag:
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by the system (6). From the representation (5) it is easy to deluce that the one-dimensional
Lebesgue measure of is equal to %‘.

An alternative representation of the set can also be given inwhich the set is the xed point of
a standard iterated function system; that is, we can drop the condensation set, in exchange for
a larger set of functions. We replace the functionf 3 by function(s) g which map S into S and
[0; 1=8] onto [0; 1=8]. To this end de ne gk(x) = %x + 6%. Note that gg = f, and g1 = f1. We
claim that the set S is the unique xed point of the mapping

A1 go(A) [ Ga(A) [ 9a(A) [ ds(A) [ Gs(A) [ trs(A) [f 1g: (7)

It is immediate that [0;1=8] ¢([0; 1=8]). It remains to see that if p 2 S then gk(p) 2 S for

k = 0;2;4;6 which is easily checked with [(4).

To deduce some more information about the structure ofS, observe that gg([0;1=8]) =
[1=8;5=32]. lterating this we see that [Gx ] S wherex satises x = 1=8+ x =4. We
have thus x = 1=6 which has 0022222 :: base-4 expansion and corresponds to stopping 2
trajectories every second step of the random walk starting \ith the 4" step.

Another natural question to ask concerns the dimension of tle set. It is clear that the presence
of the interval [0; 1=8] forces the dimension of the whole set to be 1, however is thialso true
locally? It turns out that the local dimension of any point in the set is either 0 or 1. This can
be seen relatively easily: consider a poink 2 S; either the base-4 expansion of this point is
terminating (that is, can be written with a nite number of no n-zero a,) or it is not. In the
latter case, givenr > 0, we can nd n such that 4 " r < 4 "1 Since the sequence we
choose is not terminating, the valuekn+> de ned in the previous theorem is at least 1; further,
by de ning a new set of points which agree withx up to a,+1, and havean+» = an+3 = 0 we
may take any other terminating sequence beyond this point. This interval of points therefore has
Lebesgue measure at least 4' 4 and is also contained in the ball of radius 4" 1 about x. More
speci cally, (writing B (x;r) for the ball with centre x and radiusr) we havejB(x;r)\Sj r4 4
and

log(iB(x;r)\Sj)

1
logr

liminf
r' 0

Since our set is a subset oR, the local dimension at a point cannot exceed one. For a point
X 2 S with terminating base-4 expansion there are two possibilites: either thek,s are zero for
su ciently large n, in which case the point is isolated (there is clearly a smalinterval above the
point which is empty, and it can similarly be checked that there is a small interval below the
point), or the k,'s increase after the nal non-zeroa,, but in this case it is clear that there is a
small interval of points above x. In consequence, as claimed, a point its is either isolated, or
has a local dimension of £

Theorem 6. Suppose that 2 M o with support onf 2; 1;0;1;2g. Then 2 M §' if and

only if X | X | N |

(f og) = ai2 ZI; (f 1g) = hz 2+1 ; (f lg) = C|2 2i+1 (8)
o i1 i1

®According to some de nitions, the set we have described would not b e a fractal, in that it has no non-integer
dimensions even at the local level; however we follow the more geneal classi cation described in the introduction
to Falconer [8], and note that the set clearly has a complex local struct ure, and exhibits many of the features
typical of the more restrictive de nition.
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wherea;;b; ¢ 2 f0;1;2;3g and the sequences satisfy:

. x o
2'a+ 2'(b+aq) 1 9)
i=0 i=1
X . X .
2" 2" g 2" I(h +G) bh+1 _Cher; N O (20)
i=0 i=1

Furthermore, the set S©® of possible values ofp = ( (f 1g; (f0g); (flg)) is the unique
ed point of the mapping f operating on the closed subsets of0;1]°, given by A 7!
qu(%,A + g [ 9(A), where Q is a nite set to be described in the proof andg(A) =

£(0:1;0);(3:0:3): (35 7:0): (0: 3: 3)0.

Proof. We have a picture similar to the one described before Theorerfi. As before, our approach
will be to count the number of “di erent' paths, however we now need to consider stopping at
all the points 1;0;1, and the corresponding constraints on the system. As befer; a, will be
identi ed with the number of paths which are stopped at 0 after 2n steps, and we also now
introduce the sequencesltt,), 1 and (cy)n 1 which will correspond to the stopping behaviour,
after (2n 1) steps, at the points 1 and 1 respectively. Implicitly, any path arriving in f 2;2g
is stopped which preserves the uniform integrability.

Any centered probability measure 2 M §' with support on f 2; 1;0;1;2g can be identi ed
with a point (p 1;po;p1) =( (f 1g); (f0g); (f1g))in[0;1]°. Suppose we are given a sequence
0P alP: Py, o which is the base-4 expansion of ,2: po: B, i.e. satises (8), for a point

p 2 [0:1]°. This we can transform into a stopping time provided that there are always enough
paths to stop the prescribed number at each step. Denot«kﬁp) the number of paths still arriving
at 0 after 2n steps, where in the rst (2n 1) steps we were successfully realizing the stopping
rule prescribed byp. We drop the superscript (p) when pis xed. Then we have to require that
an, kpandby+1  ky an, ch+1 kn an. Using induction we can prove that

1
k, = 2" X n i, X n i -
n=2 2" g 2" (b + q): (11)
i=0 i=1

Then the condition a, kg, forall n 0, can be rewritten under equivalent form (9). Note
that it also contains the necessary condition on §, + ¢,), namely that by+1 + i1 2(Kn  an).
However, (9) does not encode the restrictio+1 _ ¢ch+1 Kn  an, which is (10). We recall the
notation b_ ¢=maxfb; a.

Conversely, given a Ul stopping time with X 2f 2; 1;0;1;2g we can derive the sequence
(b;an;cy) of paths stopped respectively in ( 1;0;1) after (2n  1;2n;2n 1) steps. By the
arguments above b, ; an; ¢n) satisfy (8), (9) and (10) but it is not necessarily true that a,; by; ¢y 2
f0;1;2;3g. Suppose then that the sequencely;an;c,) is terminating (i.e. there exists ng
such that a, = b, = ¢, = 0 for n ng), and for somej 3 we havely _ ¢ 4, Let
j =minfn : b, ¢y 4g and de ne a new sequenceft;an;6r) via B, = by, 6 = ¢, for
ndierent from j and (j 1), andwithy 1=bh 1+ 1y 4, 5 =B 41, 4 and likewise
§ 1=6¢G 1+ 1g 4,6 = ¢ 4lg 4. The new sequence obviously satis es (9). To see that
it also satises (10) note that Iy _ ¢ 4 impliesk; 1 4 andashh 1_¢g 1 3 it follows
that ki » & » (b 1_¢ 1) 1. The new sequence thus encodes a stopping time and
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by X X -. lterating this argument we can assume that the sequencely,; a,; €,) satis es
bh;en 2 0;1;2;3g. Now we de ne an analogous transformation of the sequencea), i.e. if there
isn> Owith a, 4,weputj =minfn:a, 4ganddene a, via &, = a, for n di erent from
jand(j 1l)anda 1=4a 1+1andg =a 4. Condition (9) for the sequence th; an;6n)
is immediate and (10) follows asaj 4 impliesk; 4@ndthusk; 1 & 1 (§ _¢g) 1.
lterating we obtain (-a,) which is the base-4 expansion of | ja,4 ". The sequencel},; an; &)
hasan; b ;6 2f0;1;2;3g, satis es (9) and (10), and encodes the same measure ab,(an; cn).

It remains now to show that the same can be said for a general seence @,;an;cq). Let p=

(P 1;Po; p1) be the associated point inS®) and (b; &; &) the base-4 expansion of {5; po; ).

More precisely, if two expansions ( nite and in nite) of pg exist then we take the nite one if

and only if the original sequence &) is terminating, and likewise for pTl and %1.

First note that as (9){(10) hold for ( by;an;cn), they will also hold for the truncated sequences
(bh:ah:ch), where the | denotesa} 4 = qﬂ = c}+1 = }+2 = ::: =0, and therefore, by the

argument above, also for their base-4 expansiond(; &; €h) (here we take the nite expansion).

We will now argue that for any xed m, forj big enough, the sequencedk:; &h; eh) and (b; &n’; &)

coincide forn  m, which will imply that the latter sequence also satis es (9){(1L0).

More precisely, we need to show that

8Mm9m 8 jm; (B,;&,;6)=(b;an;e) for n<m: (12)

The argument is the same for all three sequences, so we preseénfor the sequence (). If
it is terminating then clearly for j larger than its length (B) = (). SupposeP@) is not
terminating and recall that we then choose h) also not terminating. Let pP,=2 1,40
Since we havep ; =2 1., 4 ', we know thatp ; % p 1asj !l . Fix m> 1 and let
gn= 2% M 4 f. Thenthere existsjm such thatforallj jm,p 1 P ;< 20m, which we

P .
can rewrite as |1, 4 'fj < % pTl. The last inequality together with the obvious inequality

P .
pTl < T,4'n +4 T, imply that base-4 expansions of% and of pTl coincide up to mt"

place, that isty = d forall i m. The same argument applies to &) and (€,). This proves
(12) and consequently that the sequenceft,; &,; €,) satis es (10), which ends the proof of the
rst part of the theorem.

We now move to the second part of the theorem. We could do an argsis as in Theorem 5
however this would be very involved in the present setup. Intead, we generalise the technique
used to arrive at (7); as a consequence, we do not have a neatst®iption of the functions, but

rather an algorithm for obtaining them.
The following observation proves to be crucial: if someky™” is large enough then any sequence of
(p)

(b;ai;c)i n is admissible. More precisely agn;by;cn 3 we havek,/; = 2(k§]p) an) (b +
c) 2k 12 and thus if at some pointk” 12 thenforallm nk{® 12,

As the rst consequence note thatk'’ = 16 and thus any p 2 [0; 1] such that a® = K =
P =P = P =0for i =0;1;2 3 is in fact an element ofS®.

De ne Q as the set of allq 2 [0; 1] such that a® = a® = k¥ = ¥ = o for all i > 5 and

kéq) 16. Q is thus the set of probabilities which encode stopping stra¢gies for the rst 9 steps
of the random walk and which stop at most 16 out of 32 paths whib come back to zero after
10 steps. This is a nite set (its cardinality is trivially sm aller then 41* and is actually much

(p)
n
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smaller). Denotefq(p) = p=4 + q. Note that for any p2 S@, k"™ =16+ k!® 16 so that
fq(p) = p=+ q2S® for any 2 Q. This shows that f (S®) S @,

Conversely, take anyp 2 S@ with p 2f(0;1;0);(3;0;3);(3;2;0);(0; 3 2)g as these values
(extremal points) are by de nitionin f (S®). If B” = 1then p= f (1=2:0:0) (W) whereal") = alf). ,

n 0 andc)” = P, b = o) forn 1. Likewise, if &P =1 then p 2 f 0:0:1=2)(S®).

Finally, if al” =2 then p= f.1-40)((0; 1;0)) and if &” =1 then p 2 f (5.1-4,0)(S@).

We can therefore assume thatl” = ¢ = al” = alP = 0 and present the general argument.

We will reason according to the value ofkép). Suppose that kép) 16, which means that the
stopping strategy encoded byp stops (in the rst 9 steps of the random walk) less than 16 out
of the 32 plgths which cyne back to zefp after 10 steps. Thus 'tk part' of pis an element ofQ:
— 5 WP gi-n 4 Py . 5 AP, i (P 9 _
putgq=(2 ., 0B74" yav4 2 ;674 ")then g2 Q. Furthermore, kg™ * =32 and
thus kf'(p 9 = 16 which as we know is enough to support any sequence ob{; an; c,) onwards.

Thus p 2 fq(S(3)). Finally, suppose that kép) < 16, that is p stops (in the rst 9 steps of the
random walk) more than 16 out of the 32 paths which come back tazero after 10 steps. Then
there exists aq 2 Q (possibly many of them) which encodes the wayp stops 16 paths, that is

there existsq 2 Q such that kép 9 = kép) +16. In consequence, p () does not stop descendants
of one of the two paths originating from zero after two steps,which means that 4 q) 2 S®
or equivalently p 2 f4(S®). O

The set Q arising in the proof would appear to be rather Iarg@ and a careful analysis could
probably bring down its size considerable yielding a signicantly smaller iterated function set
describing S© . We note that the possible values of (f0g) are not changed. Put di erently

S®\ (fog [0;1] f Og) = S:

4.2 Characterisation of 2 M §' with bounded support

We now turn to the analysis of 2 M §' with nite support. The results of this section will be
needed when we later classify the whole set 2 M §'.

Fix N > 1. Let S@N*D  [0;1PN*1 denote the set of probability measures 2 M §' with
supportin[ (N +1);N +1]. More preciselyp2 S@N*D p=(p n;:::;pn) de nes uniquely a
centered probability measure , with ,(fig) = pi,jij N, p(f (N+1); N;:::;N;N +19) =
1.

Let (ain) N i N:n o be an innite matrix of integers. Its entries will correspond to number of
stopped paths: a2*1; a2 will represent number of paths stopped respectively in (2+ 1) after
(2n 1) steps and in 2 after 2n steps. With respect to the notation used in Theorem 6 we have
by = a,! and ¢, = a}. De ne the matrix ( k!\)i2z:n o Via

Sk = Lo
KA = k2 a2+ kAN A o2z (13)
ki = KALT o Al + kit oalyhn 027

wherea, V"D = k. (N*D) andal =0 for jij>N +1: (14)

"Numerical computation indicate Q has about 10260 elements.
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Figure 2: The subset of 2 S® with (f0g) = 0, the axis represent (f1g) and (f 1g). The
area under the curve corresponds to all centered probabilit measures onf 2; 1;1;2g.

We think of k3' (resp. k3*!) as the number of distinct paths arriving at 2i (resp. 2 + 1) after
2n (resp. 2n 1) steps. We note that if all a, = 0 then (kp), n N=2, form the rst N rows
of Pascal's triangle (for a givenn we have rowsk?** : n i n Zlandk?: n i n).

We say that a stopping time encodes (or corresponds to) a matrix &) if it stops the number
of paths prescribed by @},), i.e.

PX =i =2n (imod2) =20mod2g ngl. (15)

wherei mod 2 =0 or 1 wheni is even or odd respectively. Naturally given a stopping time we
can write its corresponding matrix, and vice-versa: given a matrix (al,) with al, ki, we can
easily construct a stopping time which encodes it. For the poperties considered in this work, the
particular choice of proves irrelevant. Observe for example that (:onditionan(N = Kn (N+D)
in (14) implies that nN+1 SO that is a Ul stopping time.

Theorem 7. Let 2M o with supportin f (N +1);:::;(N +1)g. Then 2M g' if and only
if there exists a matrix of integers(a,) n i n:n o such that

ps
(figg=20md2 4 7al and &), ky; (16)

j=0
i2[ N;NJ,n 0, where(K!)i2zn o is de ned via (13)-(14).
Furthermore, the set S@N*1) of such measures is the unique xed point gf the map-
ping f operating on the closed subsets of0;1]@N*D, given by A 7! ", (A +
g [ g(A), where W is a compact set to be described in the proof andg(A) =
f(0;:5:0,1,0;::,0)3(05: 5:0; 3:52:5,0): (0525, 35 3505500505250, 3. 2::11,0) The set S@N*D has a positive(2N +1) -
dimensional Lebesgue measure.

Remarks:
The most surprising aspect of this theorem is the second parwvhich shows that for any N the
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Figure 3: The setS® on [0;0:5F [0;0:3].

set S@N*1) has a complex self-similar structure.

We did not present a canonical choice of &) embedding a given . This is due to the fact
that, in contrast with the results of Section 4.1, we cannot assume thatal, 2 f 0;1;2;3g. To
convince herself, we invite the reader to consider the mease = % o+t %( 4+ 4) which has
the associated (unique) matrix @) given by a}, =0 for i 6 0 and a8 =0, af =2, a =2" 1,
n 2, and which encodes the stopping time infn > 0: X, 2f 4;0;4g9. However, there is a
natural choice of (@) which we discuss in Section 5.

We observe that equations [(13) and [(16) are not in a closed fon as before but rather have a
recursive structure. Possibly a closed form may be derived dit for practical veri cation and
implementation the recursive form seems more suitable.

Proof. The theorem is a generalised version of our earlier detailestudies presented in Theorems
5 and/6. The rst part of the theorem follows from our description of possible stopping times
in the natural Itration of ( X,). Integers (al,) and (k!) have the interpretation indicated above
and the condition a,, k!, ensures that there are enough paths arriving at after 2n (2n 1 for
i odd) steps to realise the prescribed stopping strategy. Na that in particular, as a, 0 and
L =0 for i 60 we have that a}, = k|, =0 for n <i=2. Condition (14) completes the de nition
of ensuring N+1 -
There are two paths which come back to zero after 2 steps. Dea W as the set of these
points in SEN*D) which never stop descendants of at least one of these two pashW = fp 2
S@N*D : p+ (050,100 2 S@N*D g The di erence with the set Q de ned in the proof of
Theorem/[6 is that there we considered onlyp with base-4 expansions terminating after 5 digits.
Observe that for any p2 S@N*D and q2 W, fo(p) = p=4+ g2 SCN*D (this is simply because
one path originating from zero after the second step suces b ensure the stopping strategy
prescribed by p=4). Conversely, for anyp 2 SCN*D) ng(SEN*D) we can nd q= q(p) 2 W
such that p 2 fo(S@N*D), or equivalently 4(p @) 2 S@N*D | To see this, let @) be the
matrix associated to p by the rst part of the theorem. Note that as p 2 g(S@N*D ) we have
a3 =0and aj+ a;* 1. Suppose for example thata} = 1. Then we have p 2 f4(S@N*D)
for 9= (0:::;0,0,%:::;0). We assume from now thatad = al = a 1 = 0. Equivalently, the stopping
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time described by @) satis es P( 2) = 1, which we can yet rephrase to say that two
paths arrive in zero after two steps. We nowtry and construct a matrix (&!,) to correspond to
an embedding of 4 | although this will not be strictly possible, it will determ ine the value of
g we will need so that 4p q) 2 S@N*D . More precisely, de ne Ry = 0 for all i, K} =0 for all

i 80, R? =1, and let 4, = maxfal ;K\ g where

kﬁ?f’ — Rﬁ aﬁ + kﬁ0+1)_ &ﬁ“+1?; n 1i2z an
Re., = KRG & +rL' e&uhn Li2z

Put p' = 2(imod2) P j1:0 41e and g = p p Both pand g are elements of SGN*D) and
their associated matrices are respectivelyds) and (al, &,). Furthermore, by construction,
4p-2 S@N*D since we put explicitly K = 1, i.e. p only stops descendants of one path originating
at zero after two steps. In consequenceyj= p pdoes not stop descendants of this path so that
g2 W . We conclude that

S(2N+1) — [ (%S(ZN +1) + q)[ g(S(2N+1))

q2W

}S(ZN +1) + W [ g(s(2N+1)): f S(2N+1)
4

We would like to conclude that f is a contraction and SGN*1) s its unique xed point. To this
end we need to show thatS@N*1) and W are closed and thus compact (since both are bounded).
Indeed, as Minkowski's sum of two compact sets is again comjgg the mapping f de ned via
f(A) = (A=4+ W) [ g(A) is then a contraction on closed subsets of [A]?N*1 and S@N*D s
its unique xed point.

We show rst that S@N*D s closed. Consider a sequengg ! p,asj !l , with p; 2 S@N*D,
With each p; we have the associated matrix &, (p;)), di  N,n 0. Fora point g2 S(@N+D)
and its associated matrix @, (q)) we obviously have _,al(g)4 " 1 so thata,(q) 4"
In consequence, for any xed depthm 1, the set of matricesf(al(q)) : jij N;n m;q2
S@N*1) g is nite. We can therefore choose a subsequencpg ! p with the same matrix
representation up to the depth m:

al(pg) = a(pg); Bl 0 n m (18)

We can then iterate the procedure. We can choose again a sulipgence of the sequencey ,

such that (18) is veried for all N 2m, then forn  4m and so on. By a diagonal argument,
we obtain a sequencey ! p, subsequence offg), such that forany d 1, al = ain(q) for all

jij N,n dandj d. In particular, the matrix ( a) satises a, k!, with (ki) de ned via

(@3). Furthermore, we have

R n 4i H x nNai — i x n 4i
4 "a, lim 4 Map = lim 4 "a, ()
n=0 n=0 n=0 |

. R . ' . .
(I,i,in 2 i mod ZqE 4 na:"|(od) =2 | mod 2p|
’ n=d+1

To justify the last equality rst note that qg ! p and so qu! p asd!1 . Secondly, recall

n =inffn: X, 2[ N;N]gand observe the upper bound ﬁ:d4 "al(w) P(n d)! O,
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asd!1 ,sinceE y =(N+1)%2<1.
Finally, W is clearly closed by its de nition and the fact that S@N*1 s closed.

We can consider stopping times which stop maximally 3 pathsn a given point at a given step.
Then the reasoning presented in the proof of Theorem |6 appl& it su ces to ensure that at
least 12 paths arrive in a given point to secure feasibility & any subsequent stopping strategy
in that point. We see thus that (supposeN  3) any point pwith p; 41 1 1~ 4 3 pelongs to
S@N*D) In particular, S@N*D has positive (2N + 1)-dimensional Lebesgue measure. O

4.3 Two characterisations of M '

To understand entirely the set M ¢! it rests to describe its elements with unbounded support.
To this end consider rst 2 M any probability measure on Z. Theorem'2, or Theorem/ 10
below, imply existence of a minimal stopping time such that X . Let v = M N
Naturally n ! asN!1 andthusX ! X a.s.. Furthermore, as X  ~n:n 0)isa
Ul martingale, the measure y, the law of X ,, is an element of S®N*Y | Thus if we consider
the set of all measures with bounded support which can be emigeled via Ul stopping times

[
Sl — S(ZN +1) M g| (19)

N 1

then ST = M, where the closure is taken in the topology of weak convergee.

In order to study closures in di erent topologies, we identify for the rest of this section sets of

measures with sets of random variables, so thaB' = fX : 9N N g, with  a stopping

time, and likewise forM §', M ¢ and M . Furthermore, introduce the LP subsets of the se g':
n o]

Mg™®= X2MJ' :EjXjP<1 ; p L&

Then the following proposition holds.
Proposition 8. Forany p 1, M §'P is the closure ofS! in the LP norm:
LP .
ST =My (20)

Proof. We prove rst the inclusion " " Suppose that a sequenceX , in S! converges inLP,
p 1, to some variableX. We can then replace y with y =minf g : K N g which is an
increasing sequence of stopping times, which thus convergdo a stopping time: y % a.s..
Further, since

K 1
iXnj lix,=0g
k=0
is a martingale, we have I
X 1 '
EiX (= E lix,=0g
k=0
Noting that the left hand side is bounded since y n and thereforeEjX j EjX ], we
obtain I
X
E lkazog <1;
k=0
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and from the recurrence of the random walk we can deduce that < 1 a.sE In particular, we
can now make sense oK . ThereforeX (! X as.andinLPasN !1 , and soa fortiori
X = X a.s. In consequence,X , : N 1) is a uniformly integrable martingale. Furthermore,
foreveryN 1, (X ~n:n 0)is also a Ul martingale. We have thus
h i h i h i
Xon w =E X Fony =E EX JF (JFnn y = E X Fpay (21)

and taking the limitas N !'1  we see thatX
This proves that X = X 2M 4P,

The converse is easier. LeK 2 M 8'*’ andput y = ~ n. ThenX , = E[X jF ,]converges
as.and inLto X asN !'1l . The convergence actually holds inLP as sup EjX jP =

EjX j < 1 (cf. Revuz and Yor [18, Thm I1.3.1]). Naturally, X , 2 S! and thus X 2

st 0

E[X jFnr ]as. (notethat EjX j 1 ).

In Proposition 8/we characterised the setM Y in terms of closures. It would be of interest to
have a more direct way of deciding if a given 2 M g is in fact an element onM Y'*P or not.
We give now the relevant criterion which provides an intrinsic characterisation of the setM g'.

P )
Theorem 9. Suppose 2M g satises ,,jijP (fig) < 1 for somep 1. Then 2M g'®
i there exists (ay,)i2z:n o;@p 2 Z+, such that
; (i mod 2) R n 4i
(fig)=2 4 "a, (22)
n=0

and al, ki, wherek! are given by

8 .
ko = k2 ad+ kﬁ('”)‘ aﬁ(”l_); n o (23)
kd,, = KA @ vkt aluhn O
and
x
4 N KNjijP! O, asN!1 (24)

i=1

Proof. We begin by assuming there exists 4.)i2z:n o as above, and show that the distribution
is indeed inM §'®. For N > 0 de ne

8 .
2a, n<N; orn=N;imod2=1;
a:N =>ki, n= N:;i mod2=0; (25)
"0 n>N
and note that aj" = al, = ki, = 0 for jij > 2n. It follows that ( a}" ) satisfy the conditions

of Theorem[7. We can construct a Ul stopping time n which encodes QHN ), X, 2S?t.
Furthermore, choosing the stopped paths in a consistent waywe may assume that y = m

8This is an analogue of an argument used originally in [6] in the continuous setting.
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onf N <2Ng=1f u < 2Ngforall M N. In consequence, we can de ne a stopping time
=limnyin  n. Itfollowsthat encodesé,)via (15). Inparticular P(X =1i; < 1)= (fig)
by (22), which means that is a.s. nite and embeds . We have:

ij X ij ij jplf > 2Ng + ij kjplf > 2Ng
EiX iPlisong+4 NV kyiijP:
i22z
The rst term on the right hand side converges to zero by the daninated convergence theorem
and the second term converges to zero by (24). In consequenee get convergence oK  to
X in LP, concluding that X in st By Proposition 8, this is the required assertion.

Now consider the converse: let 2 M (U,'?p. Let be a Ul embedding of and (al) its matrix
encoded via (15). De ne (k},) via (23). Take i 2 2Z for example and write

a, =4"P(X2n = i; =2n) 4"P(Xzn =i  2n)= ky;
and similarly al, ki for odd i. It remains to check (24). Let y = 7 2N and (a}") its
associated matrix, which then satis es (25) above. Furthemore, as is Ul, it follows that
X, ! X as.andinLP,asN !1 .But EjX , X j°! OimpliesjEjX ,j? EjX j°j! 0.
We can rewrite the last convergence explicitly as
0 1
X X
aN POk a0

j22z n o

and as 2 LP, jX jP1s oy converges to zero a.s. and irL!, so that the above convergence is
equivalent to X _
jjjiP4 Nky ! 0, asN!1
j22z
The sum overj 2 (2Z+1) follows upon taking ~y = " (2N 1) instead of y and in consequence
we obtain (24). O

5 An explicit Ul and minimal embedding

In this section, we solve the Skorokhod embedding problem fothe simple symmetric random
walk. Given a measure 2 M we construct explicitly a stopping time embedding , which
is minimal and which is also Ul whenever 2 M §'. Note however that we do not provide
a characterisation of the latter occurrence beyond the conition given in Theorem [9. More
precisely, we construct the matrix (al,) which prescribes how many paths, when and where the
stopping time  has to stop. The particular choice of paths which are stoppedurns out to be
irrelevant. As noted before, di erent matrices (a,) with al, k! in (23) can embed the same
measure via (22).

Let 2M, 6 . Denematrix(a,),n 0,i2Z, by

8 i - 0oz

<% L O,.|222,i. n i Tnilgic -
an = min kn_,b4 (f2ig) j-0 4'a5 ¢ ; o (26)
ag*t = min k3*;b} 4" (f2i+1g) 2 [j41a¥" ¢
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where (k!,) are given by (23) andbxc denotes the integer part ofx. Note that (al,) is well de ned.
Actually, the idea behind (26) is very simple: when we have a pth arriving at a point x we stop
it if we can, that is if the total mass stopped so far at x won't exceed the threshold (fxg). We
call this construction greedy the matrix ( al,) in (26) is called the greedy matrix associated to
and any stopping time which encodes 4!)) is called greedy Note that by de nition al, k! so
that we can always construct a stopping time which encodesd,) via (15). The greedy matrix of

= o is any matrix with a3 = 1 and the corresponding stopping time is 0. The algorithm
we describe here can be considered to be similar in spirit tohie lling scheme of Rost [21; 22]
(see also Dinges [7]), although with suitable correctionsd allow for the restrictions we impose
on the ltration. The importance of the construction follow s from the following theorem.

Theorem 10. Let 2 M , and consider a stopping time which encodes, via(15), the greedy
matrix (al,) of given in (26). Then is minimal and embeds . Furthermore, 2 M {' if
and only if is Ul

Proof. If = o, 0 and the statement is true. We assume for the rest of the proothat
6 . We rst prove that < 1. Let X 1<, . By denition (26) of the greedy
construction we have
. R .
(fig)= P(X =i, < 1)=2'md2 4 g (fig):
n=1

Suppose thatP( = 1) > 0. Then (Z) < 1 and there existsig 2 Z such that q= (fipQ)
(figg) > O: Let ng = blog,s(1=g)c+ 1, which is such that any additional path arriving in ig after

no could be stopped preserving (fiopQ) (fipg). De nition (26)|then implies that we have

to have alo = ko for all n > no. The recurrence of the random walk on the other hand yields

P(On>ng: X, =igj = 1)=1Iie. there exists n>n o with ki® >alo which gives the desired

contradiction.

It follows now that is a probability measure with (fig) (fig) for all i 2 Z, which implies
= ,i.e. embeds .

We argue that is minimal. Suppose to the contrary and let with X and P( <

) > 0. Write (a,( )) for the greedy matrix given by (26), (&l ( )) for the matrix of number
of stopped paths encoded by , and (ki ( )) and (ki ( )) for their respective system of arriving
paths de ned via (23). It follows that there exists i 2 Z;n 1 such that a ()> a_‘n( ) and for
al0 m<n,j2Zwehadahh( )= an( ) (and additionally, if (n mod 2) =0, ah( ) = ah( )
for all j 2 (2Z + 1)). In particular, we have ki ( )= ki ( ) so that a,( ) < k! ( ). Using the
de nition of a! ( ) we see that

. X .
P(X =1 2n (i mod2)) =2 mod2 4 Ma()> (fig);
m=1
contradicting X
It remains to see that is Ulif 2 M Y', the reverse being immediate. First observe that the
uniform integrability of ( X ~n : n 0) depends only on the one-dimensional marginalX
and these are given via the matrix @;,). In consequence, the uniform integrability of is in fact

a property of the matrix (&) which encodes. This shows that the choice of a particulagreedy
stopping time s irrelevant.
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Let be a Ul stopping time with X and (a. ( )) its associated matrix as usual. We will
show that if is not greedy then we can construct ~which is\more greedy”than , remains Ul
and embeds . An iteration of the argument will then induce uniform integ rability of

Pick a site i (supposed even for simplicity of notation) and a time 2 at which a path is not
stopped ini, but where there is su cient probability to stop, i.e.

P(X =i; > 2n) 4" andal()<kl(): (27)
Let =(0; 1;:::; 2n = i) be a path arriving in i after 2n steps which is not stopped by and
put =f(Xm)om 2n= 0@ Let =L(X j )and be the stopping mechanism which stops
descendants of , i.e. Xon+ = X on . Note that stops all the paths originating from i in

a uniformly integrable way. More precisely, from the uniform integrability of ( Xy~ ) we deduce
that
Jim SUpE XN~ JLjxya ok =05 (28)

where E; denotes the expectation underXy = i. This will allow us to apply to a subset of

paths, or even iterate it, preserving the uniform integrability. Note also that (fig) < 1 and
1.

By (27) we can choose a set of path#\ of total mass 4 " which stops ini after more than

2n steps. Suppose that (fig) = 0. Then A contains no descendants of . De ne ~ via the

following properties:

up to time 2n, and ~are identical,
at time 2n, ~stops in addition the path ;

after 2n,on n it behaves as + 1x 2a, thatis it behaves as except the paths
in A, which are continued according to the mechanism instead of being stopped ini.

It is easy to see that ~is a stopping time, X - X . To see that ~is Ul, assuming implicitly
K > jij, N > 2n, and using (28), write

Jim SNupEjXN"~LleNA~j>K i
Jm sup BjXna [Ljxys ok +4 " SUPE; Xnn [Lixy s ok (29)

I SUPEIXNA Tl o+ M SUPE XN Jlixys o =05

as forN > 2n, Xy~ - is either equal to Xy~ , or to i, or is of the form Xy~ for someM, and
the latter happens on the set of probability at most 4 ".

The argument whenp := (fig) > 0is more involved. We can still choose a seA of paths which
stops ini after more than 2n steps and which does not contain descendants of, but we can
only assert that the total mass of paths in A is greater than or equal to 4 "(1 p). As each of
the paths in A has probability of 4 " ™, for somem > 0, if the total mass of A is greater than
4 " we can chose a subset of the size 4. Thus, we can assume that the total mass of paths in
Aisgwithd "1 p) e 4"
We put o := 4 ". Our aim now is to de ne ~ as previously but continuing and stopping
paths in A is such a way that they embeddgo(1 p) jznrig @and the rest of mass ini, preserving
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the uniform integrability. Say we apply to all paths in A once. In this way we embed
(1 P) jznfig @and the remaining paths of total massar := €p return to i. If g = o we're
done, if not then it remains to embedqi(1 p) jznrig OUtside ofi, whereqn = go €. If we keep
repeating the procedure, applying to all paths which return to i, after m iterations we have
6m 1P = gp™ paths returning to i and it remains to embedgn (1 p) jznrig OUtside of i, where
Gn=0Cn 1 ©6n 1= G &(l+p+:::+p™ 1). We are now ready to describe ~according to
two possible situations.

& = (1 p). Then we repeat the above proceduread in nitum , i.e. ~applies to all
paths in A, then applies again to all the paths which return to i etc. Doing so we embed
in Znfig, according to , a total mass of

(1l pP(L+p+pP+ )=l p =¢=4 "1 p);

1 p
as required.

& >0qo(l p). If o= pitsucesto apply once as argued above, SO assunig < qo.
Then there existsmg 1 such that

(1l P+ p+i+p™ H<gol p @@ pL+ p+ i+ pTo);

which we can rewrite as:Gm, 1 < 0mg 1 @nd Gn, Omn,. The sumep(l+ p+ :::+ pMo)
is precisely the total mass of paths inA plus the total mass of their descendants, after
application of , which return to i, and their descendants up to themgh generation. Each
of tr]gse paths has a probability 4 " I for somej so that we can write their total mass as
4" j1=l ¢4! @=4 ". Wecanthus choosgo 1 andeg, ¢, such that, putting
§ = ¢ forj<jo

Xo

4" g4l=4"

j=1
The left hand side represents a subse€ of mg rst generations of descendants ofA of the
total mass equal to 4 ". Note that A C . It is important to observe that if a path is in
C, then all the paths of greater probability are also in C. In other words, if a path is in
C all the parents (previous generations) of this path are alsan C (recall that makes at
least one step). We can thus de ne a stopping time ~which applies to all the paths in
C and stops (ini) all the remaining paths originating from A.

It follows that ~ is a stopping which embeds . The uniform integrability of ~ is deduced exactly
as in (29).

So far, we have shown that if is a Ul embedding of then we can modify to ~which is more
greedy and is still a Ul embedding of . Note that the procedure, when applied to a path at
time n will only alter the stopping time on that one path at time n, and more generally at later
times; consequently, we can apply the procedure to a stoppiptime which we know to be greedy
before time n and to a path at time n, knowing that we will not introduce new non-greedy
points earlier than time n + 1. We may therefore iterate the procedure to obtain a sequene

of stopping times which are Ul embeddings of , and which are greedy in the rst 2m steps |
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i.e. the matrix (a},( m)) of stopped paths associated to , satises aj,( m) = a, foralln m,
i 2 Z, where (@) is the greedy matrix (26). Furthermore, m = ;onf n 2mg=f,; 2mg
forall [ >m . We can _thus dene :=limnh1 m and it follows that is a greedy embedding
of , i.e. it encodes @). We claim that X » _ converge a.s. and inL! to X . Observe that
An=f >2mg=1f n>2mgand X 15, X ,1a,. We have

EiX X, EXjla, + EiX ,ilanl> ,  2E]X jla,! = O
by the dominated convergence a®A\, ! 0 a.s. andEjX j < 1 . The uniform integrability of
follows as in (21) from the uniform integrability of .

6 Conclusions and Further problems

We have studied the Skorokhod embedding problem for the simlp symmetric random walk and
the relations between notable classes of stopping times. Iparticular, we have seen that | unlike
the Brownian motion setting | for centred target laws, the cl asses of uniformly integrable and
minimal stopping times are not equal. The latter allows us to construct an embedding for any
centered target measure; the former restricts the class ofdmissible measures, and in fact we
have shown that the set of measures with bounded support and hich may be embedded with
a Ul stopping time has a complex fractal structure.

We characterised the set of all probability measures which ray be embedded with a Ul stopping
time both intrinsically and as an appropriate closure of meaures with bounded support which
can also be embedded with a Ul stopping time. We have given a emtruction of a stopping
time which embeds any probability measure onz, which is minimal and which is furthermore
Ul whenever may be embedded with a Ul stopping time.

We feel we have therefore solved the problems which motivatkour study in a relatively complete
way. However, some new detailed questions arise naturallyin particular it would be interesting
to calculate the Lebesgue measure d6@N*1 and to study further its structure; we have not
considered the local dimension of the sets in higher dimensins. We would also like to understand
the relationship (e.g. as projections) between the sets fodi erent values of N.

Finally, we have not investigated the meaning of minimality of stopping times for the random
walk, in terms of the stopped process. We show that the situabn is very di erent from the
continuous martingale setup but we have not devised any criérion, given in terms of the stopped
process, to decide whether a given stopping time is minimalUnderstanding better the minimal-
ity of stopping times and extending the results to arbitrary discontinuous martingales appeal as
challenging directions for future research.
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